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EQUIVALENCE OF THE LOCAL AND GLOBAL VERSIONS OF THE
Lp-BRUNN-MINKOWSKI INEQUALITY
ELI PUTTERMAN
Abstract. By studying Lp-combinations of strongly isomorphic polytopes, we prove the
equivalence of the Lp-Brunn-Minkowski inequality conjectured by Bo¨ro¨czky, Lutwak, Yang
and Zhang to the local version of the inequality studied by Colesanti, Livshyts, and Mar-
siglietti and by Kolesnikov and Milman, settling a conjecture of the latter authors. In
addition, we prove the local inequality in dimension 2 for p = 0, yielding a new proof of
the log-Brunn-Minkowski inequality in the plane.
1. Introduction
The log-Brunn-Minkowski inequality, conjectured by [1] and proven there in dimension
2, arises as one aspect of the Brunn-Minkowski-Firey theory established by Lutwak [25,26].
This theory has seen extensive development since its inception; see, e.g., [2,8,29–31,39–41].
A comprehensive exposition of the theory may be found in Chapter 9 of the second edition
of the book of Schneider [35].
The classical Brunn-Minkowski theory deals with the Minkowski sum of convex bodies,
which can be presented in the form
(1.1) K + L =
⋂
u∈Sn−1
{x : 〈x, u〉 ≤ hK(u) + hL(u)}
If K,L are convex bodies in Rn, their Minkowski sum satisfies the famous Brunn-
Minkowski inequality
(1.2) vol(K + L)
1
n ≥ vol(K) 1n + vol(L) 1n
See [17] for an elegant exposition of this inequality and its many applications in diverse
areas of mathematics.
Firey [14] defined Lp-combinations of convex bodies in analogy to the classical Minkowski
combinations:
(1.3) (1− λ)K +p λL =
⋂
u∈Sn−1
{x : 〈x, u〉 ≤ ((1− λ)hK(u)p + λhL(u)p)
1
p }
For p ≥ 1, the support function of (1−λ)K +p λL is simply ((1−λ)hK(u)p+λhL(u)p)
1
p ,
but this is not the case for p ≤ 1.
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As p → 0, (λhK(u)p + (1 − λ)hL(u)p)
1
p approaches hK(u)
λhL(u)
1−λ, so the L0 or log-
Minkowski combination of K and L is naturally defined as
(1.4) (1− λ)K +o λL =
⋂
u∈Sn−1
{x : 〈x, u〉 ≤ hK(u)λhL(u)1−λ}
For p > 1, Firey established an analogue of the Brunn-Minkowski inequality:
(1.5) vol((1− λ) ·K +p λ · L)
p
n ≥ (1− λ) vol(K) pn + λ vol(L) pn
For p < 1, it is easily seen that an analogue of (1.5) does not hold for all pairs of convex
bodies, even in dimension 1.
However, restricting to centrally symmetric bodies, Bo¨ro¨czky, Lutwak, Yang and Zhang
[1] made the following conjecture, known as the Lp-Brunn-Minkowski inequality:
Conjecture 1.1. For p ∈ (0, 1) and any two centrally symmetric convex bodies K,L ⊂ Rn,
and any λ ∈ [0, 1],
(1.6) vol((1 − λ)K +p λL) ≥ (1− λ) vol(K)
p
n + λ vol(L)
p
n
In the case p = 0, this becomes the following, which is called the log-Brunn-Minkowski
conjecture:
Conjecture 1.2. For any two centrally symmetric convex bodies K,L ⊂ Rn and any λ ∈
[0, 1],
(1.7) vol((1− λ)K +o λL) ≥ vol(K)1−λ vol(L)λ
Bo¨ro¨czky, Lutwak, Yang and Zhang [1] showed that Conjecture 1.2 implies Conjecture
1.1 for any p > 0. Furthermore, [1] established Conjecture 1.2 for bodies in the plane.
Several works have treated the log-Brunn-Minkowski conjecture since [1]. Saroglou proved
the log-Brunn-Minkowski conjecture in the case where both bodies are unconditional [36],
and also demonstrated its equivalence to the (B)-conjecture for uniform measures [36, 37].
Ma [32] provided an alternative proof of Conjecture 1.2 in the plane. Rotem [34] observed
that the conjecture for complex convex bodies K0,K1 ⊂ Cn follows from a more general
theorem of Cordero–Erausquin [4].
Recently, Colesanti, Livshyts, and Marsiglietti [7] obtained a stability version of the
log-Brunn-Minkowski conjecture near the Euclidean ball:
Theorem 1.3. Let R ∈ (0,∞) and ϕ ∈ C2(Sn−1) be even and strictly positive. Then there
exists a sufficiently small a > 0 such that for every ǫ1, ǫ2 ∈ (0, a) and for every λ ∈ [0, 1],
(1.8) vol((1 − λ)K1 +o λK2) ≥ vol(K1)1−λ vol(K2)λ
where Ki is the convex body with support function Rϕ
ǫi .
This result was improved in the subsequent paper by Colesanti and Livshyts [6]. The
method of proof, in brief, is to consider the function f(λ) = log vol((1 − λ)Bn2 +o λK),
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where hK = Re
ϕ, and show that (1.8) is equivalent to the inequality f ′′(0) ≤ 0. One then
computes f ′′ explicitly, obtaining an integral inequality on the sphere which is proven using
the theory of spherical harmonics.
Kolesnikov and Milman [21] have studied so-called local Lp-Brunn-Minkowski inequalities
for C2+ bodies. These inequalities have several equivalent formulations; we cite one which
is reminiscent of Minkowski’s second inequality (and in fact strengthens it):
Conjecture 1.4. Given a C2+ centrally symmetric convex body K and p ∈ [0, 1), the fol-
lowing inequality holds for all even functions z ∈ C2(Sn−1):
(1.9)
1
vol(K)
V (zhK [1],K[n−1])2 ≥ n− 1
n− pV (zhK [2],K[n−2])+
1− p
n − pV (z
2hK [1],K[n−1])
Here, V denotes the mixed volume, which in the setting of C2+ bodies can be defined for
n-tuples of functions as well as convex bodies (see, e.g., [21, §4.1]).
Kolesnikov and Milman showed that for a given p, the Lp-Brunn-Minkowski inequality
(Conjecture 1.1) implies Conjecture 1.6 [21, Lemma 3.4], and also showed that Conjec-
ture 1.6 implies the Lp-Brunn-Minkowski inequality for pairs of bodies satisfying a certain
condition [21, Proposition 3.9]:
Proposition 1.5. Assume Conjecture 1.6 holds for p ∈ [0, 1), and let K0,K1 be C2+ sym-
metric convex bodies such that Kλ = (1 − λ)K0 +p λK1 is C2+ for all λ ∈ [0, 1]. Then the
Lp-Brunn-Minkowski inequality holds for K0,K1 and any λ:
(1.10) vol(Kλ) ≥ (1− λ) vol(K0)
p
n + λ vol(K1)
p
n
The assumption of the proposition holds in particular if K1 lies in a sufficiently small
neighborhood of K0, which is the reason that inequalities of the form (1.11) are termed local
Lp-Brunn-Minkowski inequalities. Kolesnikov and Milman conjectured that for a given p,
the local Lp-Brunn-Minkowski inequality is in fact equivalent to the Lp-Brunn-Minkowski
inequality [21, Conjecture 3.8].
Using Riemannian geometry methods, Kolesnikov and Milman were able to prove Con-
jecture 1.4 for p ∈ [1 − cn− 32 , 1] for an absolute constant c, implying that for these p the
Lp-Brunn-Minkowski inequality holds for sufficiently close pairs of bodies [21, Theorem 1.1].
They also treated the case of ℓnq -unit balls B
n
q (which are not C
2
+ for q > 2), and proved
suitably modified versions of Conjecture 1.4 for p = 0 and q ∈ [2,∞], enabling them to prove
the log-Brunn-Minkowski inequality for pairs of bodies sufficiently close to Bnq [21, Theorem
1.2, Theorem 1.3], generalizing the results of [6, 7].
Using PDE methods, Chen, Huang, Li, and Liu [5] have extended the local results of [21]
to global results, confirming Conjecture 1.6 for p ∈ [1− cn− 32 , 1]. We explain their approach
in subsection 1.2.
1.1. Our results. First of all, we state a slightly different form of Conjecture 1.4, which is
more convenient for our purposes.
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Conjecture 1.6. Let p ∈ [0, 1). For any two centrally symmetric convex bodies K,L ∈ Kn,
we have
(1.11)
vol(K) ·
(
n(n− 1)V (L[2],K[n − 2]) + (1− p)
∫
h2L
hK
dSK
)
− n(n− p)V (L,K[n− 1])2 ≤ 0
The equivalence of Conjecture 1.6 to Conjecture 1.4 follows by a standard approximation
argument, which we provide, for completeness, in Appendix A.
Our main result is the following:
Theorem 1.7. For any p ∈ [0, 1), Conjecture 1.6 in dimension n is equivalent to the
Lp-Brunn-Minkowski inequality (Conjecture 1.1) in dimension n.
As a corollary of this result and the work of [21], we obtain some cases of the Lp-Brunn-
Minkowski inequality:
Corollary 1.8. Conjecture 1.1 holds for p ∈ [1− cn− 32 , 1].
As we stated above, this result was obtained in [5] by a different approach, using PDE
methods; for details see the next subsection.
Section 3 is devoted to the proof of Theorem 1.7. The proof idea is similar to that of [7]
and [21], except that we work in the setting of strongly isomorphic polytopes rather than
smooth and strongly convex bodies. The simpler behavior of these bodies enables us to go
from the local inequality to the global inequality.
Section 4 proves Conjecture 1.6 for n = 2, which along with Theorem 1.7 yields a new
proof of the log-Brunn-Minkowski inequality in the plane.
1.2. Related work. To explain the connection of this work to known results, we must
introduce a new ingredient (which shall play no role outside this section). The Lp-Brunn-
Minkowski conjecture is intimately related to the uniqueness side of the Lp-Minkowski
problem posed by Lutwak [25], which asks about the existence and uniqueness of convex
bodies K with given Lp-surface area measure:
(1.12) h1−pK dSK = µ
Both sides of the problem have been studied by many authors for various ranges of p,
both in the centrally symmetric and non-centrally-symmetric cases; see [9] for an updated
bibliography.
Kolesnikov and Milman [21, §11] showed that a slight strengthening of inequality (1.9) for
a given p ∈ [0, 1), in which it is assumed that strict inequality holds unless z is a constant,
implies a local uniqueness result for the Lp-Minkowski problem for even measures with the
same p. They also showed that if (1.9) for a given p0, then strict inequality holds in (1.9) for
nonconstant z and any p > p0 so their work implies local uniqueness for the L
p-Minkowski
problem for any p ∈ (1 − c
n
3
2
, 1].
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Using PDE methods, Chen, Huang, Li, and Liu [5] have recently shown that global
uniqueness for the Lp-Minkowski problem for C2+ bodies follows from the local uniqueness
property defined by [21]. In addition, they showed that uniqueness for the Lp-Minkowski
problem in the case of C2+ bodies implies the L
p-Brunn-Minkowski conjecture (this was
proven in [1] in the case p = 0 in the setting of general convex bodies). Hence, the result
of [5] can also be used to obtain Theorem 1.7: if the local Lp-Brunn-Minkowski conjecture
holds for a given p, then by the work of [21] local Lq-Minkowski uniqueness holds for all
q ∈ (p, 1), and by [5], global Lq-Minkowski uniqueness, and hence the global Lq-Brunn-
Minkowski conjecture, holds for all q ∈ (p, 1); the Lp-Brunn-Minkowski conjecture for the
original p then follows by taking the limit.
Thus, in short, while we prove a local-to-global result for the Lp-Brunn-Minkowski con-
jecture, from which uniqueness in the Lp-Minkowski problem may be deduced, [5] prove
a local-to-global result for uniqueness in the Lp-Minkowski problem, from which the Lp-
Brunn-Minkowski conjecture may be deduced. In addition, our methods are purely convex-
geometric.
2. Preliminaries
We collect here the notation and basic facts in convex geometry we shall use. A compre-
hensive and up-to-date reference on the theory of convex bodies is the book of Schneider [35].
A convex body K ⊂ Rn is a compact convex set with nonempty interior. K is said to be
centrally symmetric if K = −K = {−x : x ∈ K}. We write Kn for the set of convex bodies
in Rn, and Kns ⊂ Kn for the set of centrally symmetric convex bodies.
The support function hK : R
n → R associated with the convex body K is defined, for
u ∈ Rn, by
(2.1) hK(u) = max{〈u, y〉 : y ∈ K}
The support function is convex and positively homogeneous of degree one, so it is completely
determined by its restriction to the unit sphere Sn−1.
By a classical theorem of Minkowski (see [35, Theorem 5.1.7]), for two convex bodies
K,L ⊂ Rn, the volume of K + tL can be expressed as a polynomial of degree n in t:
(2.2) vol(K + tL) =
n∑
i=0
(
n
i
)
V (K[i], L[n − i])tn−i
The coefficients V (K[i], L[n − i]) are known as the mixed volumes of K and L; we have
V (K[n], L[0]) = vol(K), V (K[0], L[n]) = vol(L).
Let Hn−1 denote the (n − 1)-dimensional Hausdorff measure on Rn. For Hn−1-almost
every x ∈ ∂K, there exists a unique normal vector to K at x, namely, u ∈ Sn−1 such
that hK(u) = 〈x, u〉; denote this vector by νK(x). Thus we have an almost-everywhere-
defined map νK : ∂K → Sn−1, called the Gauss map. The surface area measure SK of a
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convex body K ⊂ Rn is a Borel measure on Sn−1 defined by SK(ω) = Hn−1(ν−1K (ω)). We
have [35, Theorem 5.1.7]
(2.3) vol(K) =
1
n
∫
hK dSK and V (L,K[n − 1]) = 1
n
∫
hL dSK
For a continuous function h : Sn−1 → (0,∞), the Wulff shape or Alexandrov body of h
is defined as A[h] =
⋂
u∈Sn−1{x ∈ Rn : 〈x, u〉 ≤ h(u)}. If h is the support function of a
convex body K, then A[h] is simply K, but in general, if K = A[h], we only have hK ≤ h.
We shall use a version of Alexandrov’s lemma for Wulff shapes [1, Lemma 2.1]:
Lemma 2.1. Suppose k(t, u) : I × Sn−1 → (0,∞) is continuous and differentiable in the
first variable, where I ⊂ R is an open interval. Suppose also that for t ∈ I, the convergence
lims→0
k(t+s,u)−k(t,u)
s
= ∂k(t,u)
∂t
is uniform on Sn−1. If Kt = A[k(t, ·)] for t ∈ I, we have
(2.4)
d
dt
vol(Kt) =
∫
Sn−1
∂k(t, u)
∂t
dSKt
In addition, the same formula holds for the one-sided derivative of Kt, assuming only one-
sided convergence of k(t+s,u)−k(t,u)
s
→ ∂k(t,u)
∂t
.
Let B be the Euclidean ball in dimension n. Define the Hausdorff metric on Kn via
δ(K,L) = inf{d > 0 : L ⊂ K + dB and K ⊂ L+ dB}. The Hausdorff metric has a number
of useful properties:
Proposition 2.2.
(i) A sequence of convex bodies {Ki}∞i=1 ⊂ Kn converges to a convex body K if and
only if hKi converges to hK uniformly on S
n−1 [35, Lemma 1.8.14].
(ii) The mixed volumes V (K[i], L[n− i]) are continuous with respect to δ [35, p. 280].
(iii) The surface area measures SK are weakly continuous with respect to δ [35, Theorem
4.2.1].
(iv) If hi : S
n−1 → (0,∞) converge uniformly to h, then the Wulff shapes A[hi] converge
in the Hausdorff metric to A[h] [35, Theorem 7.5.2].
Finally, given two convex bodies K,L ⊂ Rn such that 0 ∈ intK, intL, p ∈ [0, 1) and
λ ∈ [0, 1], we shall write (1 − λ)hK +p λhL for ((1 − λ)hpK + λhpL)
1
p or h1−λK h
λ
L in the cases
p > 0, p = 0, respectively. The Lp-Minkowski combination of K and L, (1 − λ)K +p L, is
defined as A[(1− λ)hK +p λhL].
2.1. Strongly isomorphic polytopes. Our reference for the theory of polytopes is [35,
§2.4].
A convex polytope P ⊂ Rn is a convex body which can be written as the intersection of
a finite set of half-spaces: there exist u1, . . . , uN ∈ Sn−1, h1(P ), . . . , hN (P ) ∈ R such that
(2.5) P =
N⋂
i=1
{x : 〈x, ui〉 ≤ hi(P )}
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We set Fi(P ) = {x ∈ P : 〈x, ui〉 = hi(P )}, the ith facet of P , a polytope of dimension
at most n − 1; when there is no chance of confusion we simply write hi, Fi. (Note that
depending on the hi, some of the faces may be empty.) The volume of P may be computed
as |P | = 1
n
∑N
i=1 hi|Fi|, and the surface area measure of P is a discrete measure:
(2.6) SP =
N∑
i=1
|Fi|δui
For a given facet Fi of P and any j ∈ {1, . . . , N}\{i} such that Fij(P ) := Fi ∩ Fj is
nonempty, we write uij =
uj−〈ui,uj〉ui√
1−〈ui,uj〉2
for the normal to Fij relative to Fi; then we have
(2.7) uj = ui cos θij + uij sin θij
where θij is the angle between ui and uj . Taking the inner product with an arbitrary x ∈ Fi,
we obtain
(2.8) hij(P ) := hFi(P )(uij) = hj(P ) csc θij − hi(P ) cot θij
Note that in terms of the hij , we may write |Fi| = 1n−1
∑N
j=1 hij |Fij |.
Two polytopes P,Q are called strongly isomorphic if dimF (P, u) = dimF (Q,u) for all
u ∈ Sn−1. In particular, this implies that the normal vectors u1, . . . , uN to P and Q are the
same, that Fi(P ) is nonempty precisely when Fi(Q) is, and the same for Fij(P ), Fij(Q).
Strong isomorphism is clearly an equivalence relation on the set of polytopes in Kn; the
equivalence classes under this relation are called a-types.
It follows from the proof of [35, Theorem 5.1.7] that for strongly isomorphic polytopes
P,Q we have
V (Q,P [n − 1]) = 1
n
N∑
i=1
hi(Q)|Fi(P )|(2.9)
V (Q[2], P [n − 2]) = 1
n(n− 1)
N∑
i,j=1
hi(Q)hj(Q)Γij(P )(2.10)
where
(2.11) Γij(P ) =


−∑k:Fik(P )6=∅ cot θik|Fik| i = j
csc θij|Fij | i 6= j, Fij(P ) is nonempty
0 otherwise
A polytope P is said to be simple if each vertex of P is the intersection of precisely n
facets. We shall use the fact that any finite set of convex bodies may be approximated
simultaneously in the Hausdorff metric by strongly isomorphic simple convex polytopes [35,
Theorem 2.4.15].
Given an a-type of polytopes defined by normal vectors u1, . . . , uN (as well as lower-
dimensional intersection data), the N -tuple of support functions (hP (u1), . . . , hP (uN )) of
a polytope P in the a-type is called the support vector of P . We have the following
theorem [35, Lemma 2.4.13]:
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Theorem 2.3. Let P be a simple polytope with facet normals u1, . . . , uN and support vector
h = (h1, . . . , hN ) ∈ RN . There exists a neighborhood U of h such that any h′ ∈ U is the
support vector of a polytope P ′ strongly isomorphic to P .
3. From the Lp-Brunn-Minkowski inequality to its local version and back
First, we fix some notations we shall use throughout the section. Let K,L ∈ Kns , and fix
p ∈ [0, 1]. Write Kλ = (1− λ)K +p λL and
(3.1) VK,L(λ) =
{
vol(Kλ)
p
n p > 0
log vol(Kλ) p = 0
We recall a lemma from [1]. (The lemma was proven there for p > 0; the proof for p = 0 is
identical.)
Lemma 3.1. The Lp-Brunn-Minkowski inequality (Conjecture 1.1) holds if and only if for
all K,L ∈ Kns , VK,L(λ) is concave on [0, 1].
We restate here our main conjecture, the local Lp-Brunn-Minkowski inequality, for the
reader’s convenience:
Conjecture 3.2. For any two bodies K,L ∈ Kns , we have
(3.2)
vol(K) ·
(
n(n− 1)V (L[2],K[n − 2]) + (1− p)
∫
h2L
hK
dSK
)
− n(n− p)V (L,K[n− 1])2 ≤ 0
Our first observation is that it is sufficient to consider the case of simple strongly iso-
morphic polytopes in Conjecture 3.2. This follows immediately by approximating K,L
by sequences of simple strongly isomorphic polytopes converging to K,L and using the
continuity of all the relevant quantities with respect to the Hausdorff metric (Proposition
2.2).
We shall prove that Conjecture 3.2 is equivalent to the Lp-Brunn-Minkowski inequality
(1.6) in two main steps. First, in Proposition 3.5, we compute the second derivative of
VK,L(λ) for strongly isomorphic polytopes K,L at λ ∈ [0, 1] such that the bodies Kλ′ for
λ′ in a neighborhood of λ are strongly isomorphic to one another, and show that in this
case, V ′′K,L(λ) ≤ 0 is equivalent to inequality (3.2) (for a different pair of bodies). The
computation is similar in spirit to work of [7] and [21], but is technically easier in the
polytope setting. Using Lemma 3.1, this shows that the Lp-Brunn-Minkowski inequality
implies Conjecture 3.2.
Next, in Proposition 3.6, we argue that after removing a finite number of points, we can
divide [0, 1] into a disjoint union of open intervals Ij such that the Kλ, λ ∈ Ij are all strongly
isomorphic to one another. Hence, assuming Conjecture 3.2 and using the computation of
Proposition 3.5, we obtain that VK,L has nonpositive second derivative except at a finite
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number of points, which suffices to show that VK,L is concave because VK,L is continuously
differentiable. Thus Conjecture 3.2 implies the log-Brunn-Minkowski inequality.
We now proceed to the details of the proof. First, we fix a few more notations. Let
K,L ∈ Kns be a fixed pair of strongly isomorphic polytopes, and let u1, . . . , uN ∈ Sn−1 be
the facet normals to K,L.
Lemma 3.3. For any p ∈ [0, 1] and any λ ∈ [0, 1],
(3.3) Kλ = {x : 〈x, ui〉 ≤ ((1 − λ)hK +p λhL)(ui), i = 1, . . . , N}
Proof. This is not immediately obvious, because Kλ is defined to be the intersection of the
half-spaces H−Kλ,v = {x : 〈x, v〉 ≤ ((1 − λ)hK +p λhL)(v)} for all v ∈ Sn−1, and a priori, we
do not know that for v 6= u1, . . . , uN , H−Kλ,v doesn’t contribute to bounding Kλ. It is thus
necessary to demonstrate that the set on the RHS of (3.3), which we temporarily denote
K ′λ, is already contained in H
−
Kλ,v
, which is to say that hK ′
λ
(v) ≤ ((1−λ)hK +p λhL)(v) for
all v ∈ Sn−1\{u1, . . . , uN}.
Since v is not a normal vector of K, v lies in the normal cone of a face F of K of
codimension at least 2, so we may write v =
∑m
k=1 ckuik for 2 ≤ m ≤ n, i1, . . . , im ∈
{1, . . . , N}, and cj > 0. Hence hK(v) =
∑m
k=1 cjhK(uik), and similarly hL(v), hK ′λ(v). So
we need to prove that
(3.4)
∑
ck((1− λ)hK(uik) +p λhL(uik) ≤ (1− λ)hK(v) +p λhL(v)
For p > 0, the inequality we wish to prove, after raising both sides to the power p,
becomes
(3.5)(∑
ck((1− λ)hK(uik)p + λhL(uik)p)
1
p
)p
≤ (1− λ)
(∑
ckhK(uik)
)p
+ λ
(∑
ckhL(uik)
)p
Let U = {ui1 , . . . , uim}, and define a measure µ on U via µ({uik}) = ck. Considering hK , hL
as functions on U , we see that (3.5) is precisely the triangle inequality ‖f + g‖ ≤ ‖f‖+ ‖g‖
in L
1
p (µ) applied to f = (1− λ)hpK and g = λhpL.
The case p = 0 may be obtained by a limiting argument, but we also give a simple direct
proof. Writing xk =
hL(uik )
hK(uik )
, aj = ckhK(uik), we wish to prove
(3.6)
∑
akx
λ
k ≤
(∑
akxk
)λ (∑
ak
)1−λ
By homogeneity, we may assume
∑
ak = 1, so it suffices to show
(3.7)
∑
akx
λ
k ≤
(∑
akxk
)λ
But x 7→ xλ is concave for λ ∈ [0, 1], so (3.7) follows from Jensen’s inequality. Rewinding,
we obtain
(3.8)
∑
ckhK(uik)
λhL(uik)
1−λ ≤ hK(v)λhL(v)1−λ
as desired. This concludes the proof of the lemma. 
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Corollary 3.4. Let σ, τ, µ ∈ [0, 1] and λ = (1 − µ)σ + µτ . If Kσ,Kλ,Kτ are all strongly
isomorphic then Kλ = (1− µ)Kσ +p µKτ .
Proof. Let vj, j = 1, . . . ,M be the facet normals of Kσ,Kτ ; by the lemma, {vj}Mj=1 ⊂
{ui}Ni=1. Since Kλ is strongly isomorphic to Kσ ,Kτ , in particular it has the same facet
normals, so we may write
(3.9) Kλ = {x : 〈x, vj〉 ≤ ((1− λ)hK +p λhL)(vj), j = 1, . . . ,M}
Also, for every vj which is a facet normal ofKσ,Kτ we have hKσ(vj) = ((1−σ)hK+pσhL)(vj)
and the same for hKτ (vj), again by the lemma. Thus
((1 − µ)hKσ +p µhKτ )(vj) = ((1− µ)((1− σ)hK +p σhL) +p (µ(1− τ)hK +p τhL))(vj)
= ((1− λ)hK +p λhL)(vj)(3.10)
for all j, giving Kλ = (1− µ)Kσ +p µKτ as desired. 
Proposition 3.5. The local Lp-Brunn-Minkowski conjecture (Conjecture 3.2) is equivalent
to the following statement:
(∗) For any two strongly isomorphic polytopes K,L as above, and for any λ ∈ [0, 1]
such that there exists a (possibly one-sided) neighborhood U of λ for which all the
{Kλ′ : λ′ ∈ U} are strongly isomorphic to one another, we have V ′′K,L(λ) ≤ 0.
Remark. We shall see in the course of the proof that VK,L is twice differentiable at any λ
satisfying the conditions of (∗).
Proof. First, we prove that Conjecture 3.2 implies (∗). Given λ,U satisfying the conditions
of (∗), let [σ, τ ] ⊂ U . Then Kσ,Kτ are strongly isomorphic and for any α = (1− µ)σ+ µτ ,
µ ∈ [0, 1], we have Kα = (1− µ)Kσ +p µKτ by the preceding corollary. Thus, we reduce to
the case where all the {Kλ′ : λ′ ∈ U} are strongly isomorphic to K (and to L).
Let hi = hK(ui). For p ∈ (0, 1), we write hL(ui) = hi(1 + psi)
1
p , so that ((1 − λ)hK +p
λhL)(ui) = hi(1 + λpsi)
1
p . For p = 0, write hL(ui) = hie
si , so that ((1 − λ)hK +o λhL) =
hie
λsi . It will be convenient to write, for p > 0,
a
(p)
i (λ) = (1 + λpsi)
1
p(3.11)
b
(p)
i (λ) = (1 + λpsi)
1−p
p(3.12)
c
(p)
i (λ) = (1 + λpsi)
1−2p
p(3.13)
and for p = 0, a
(p)
i (λ) = b
(p)
i (λ) = c
(p)
i (λ) = e
λsi . For any p, we have
(a
(p)
i )
′ = sib
(p)
i(3.14)
(b
(p)
i )
′ = (1− p)sic(p)i(3.15)
(b
(p)
i )
2 = a
(p)
i c
(p)
i(3.16)
In the sequel we shall suppress the dependence of a
(p)
i , b
(p)
i , c
(p)
i on p.
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For any λ ∈ U , Kλ is the polytope defined by normal vectors u1, . . . , uN and support
numbers hKλ(ui) = hiai(λ). By assumption, Kλ is strongly isomorphic to K, so it has facets
corresponding to each ui; thus, its surface area measure SKλ is given by
∑N
i=1 |Fi(Kλ)|δui .
We may thus compute the first derivative of vol(Kλ) at any λ ∈ U by applying Lemma 2.1:
d
dλ
vol(Kλ) =
∫
Sn−1
(
d
dλ
((1− λ)hK +p λhL)
)
dSKλ
=
N∑
i=1
|Fi(Kλ)| d
dλ
(hiai) =
N∑
i=1
hisibi|Fi(Kλ)|(3.17)
In order to compute the second derivative of vol(Kλ), we need to know the derivative
of vol(Fi(Kλ)). But for each i, Fi(Kλ) is itself a polytope strongly isomorphic to Fi(K),
with normal vectors uij as defined by equation (2.7), and support numbers hij(Kλ) =
hj(Kλ) csc θij − hi(Kλ) cot θij. Hence, by the same computation, we have
(3.18)
d vol(Fi(Kλ))
dλ
=
∑
j:Fij 6=∅
(sjhj csc θijbj − sihi cot θijbi)|Fij(Kλ)|
Differentiating (3.17) and using (3.18), we obtain
(3.19)
d2 vol(Kλ)
dλ2
= (1− p)
N∑
i=1
s2ihici|Fi(Kλ)|+
N∑
i,j=1
hihjsisjbibjΓij(Kλ)
where the Γij are defined by equation (2.11).
Recalling the definition of VK,L (Equation (3.1)), for any p ∈ [0, 1], we have
(3.20) n(n− p) vol(Kλ)V ′′K,L(λ) = n vol(Kλ)′′ vol(Kλ)− (n− p)(vol(Kλ)′)2
Examining equations (3.17) and (3.19), we see that the RHS may be written as Ψ(Z) ≤ 0,
where Z = (h1s1b1(λ), . . . , hNsNbN (λ)) ∈ RN and Ψ is the quadratic form defined by
(3.21) Ψ(X) = n

(1− p) N∑
i=1
X2i
hiai
|Fi(Kλ)|XiYi +
N∑
i,j=1
Γij(Kλ)XiXj

 vol(Kλ)
− (n− p)
(
N∑
i=1
Xi|Fi(Kλ)|
)2
LetM be the matrix associated to Ψ, and let XKλ = (h1a1(λ), . . . , hNaN (λ)), the support
vector of the polytope Kλ. We claim that MXKλ = 0. Indeed, we have
(3.22) (MXKλ)i = n

(1− p)|Fi(Kλ)|+ N∑
j=1
hjajΓij(Kλ)

 vol(Kλ)
− (n− p)|Fi(Kλ)|
N∑
j=1
hjaj|Fj(Kλ)|
We recognize the second sum as n vol(Kλ) and the first sum as (n − 1)|Fi(Kλ)|, so the
entire expression cancels out, as desired.
12 ELI PUTTERMAN
Now, for XP which is the support vector of a polytope P strongly isomorphic to K,
combining formulas (2.6), (2.9), (2.10) shows that
(3.23) Ψ(XP ) = n vol(Kλ)
(
(n(n− 1)V (P [2],Kλ[n− 2]) + (1 − p)
∫
h2P
hKλ
dSKλ
)
− n2(n− p)V (P,Kλ[n− 1])2
Hence, assuming Conjecture 3.2 yields that Ψ(XP ) ≤ 0 for any P strongly isomorphic
to K. Since, by Theorem 2.3, any vector in a neighborhood of XKλ is the support vector
of a polytope strongly isomorphic to K, and as we computed above, Ψ(XKλ +X) = Ψ(X)
for any X, we see that in fact Ψ is a negative semidefinite quadratic form, and hence that
V ′′K,L(λ) = Ψ(XKλ) ≤ 0. This proves one direction of the proposition.
Conversely, we wish to prove that (3.2) holds for two given polytopes P,Q assuming (∗).
Let u1, . . . , uN be the normal vectors and XP = (h1, . . . , hN ) and XQ = (h
′
1, . . . , h
′
N ) the
support vectors of P and Q, respectively. Now set K = P , and let L be the polytope
strongly isomorphic to P defined by the vector
(3.24) vǫ =


(
h1
(
1 + pǫ
h′
1
h1
) 1
p
, . . . , hN
(
1 + pǫ
h′
N
hN
) 1
p
)
p > 0(
h1e
ǫ
h′
1
h1 , . . . , hNe
ǫ
h′N
hN
)
p = 0
By Theorem 2.3, by taking ǫ sufficiently small we obtain that vǫ is the support vector
of a polytope strongly isomorphic to K; moreover, Kλ = (1− λ)K +p λL is defined by the
vector vλǫ and hence is strongly isomorphic to K for all λ ∈ [0, 1]. Thus we can use the
computation above to obtain V ′′K,L: for L defined as above, we obtain si = ǫ
h′i
hi
, and applying
(3.21) shows that
(3.25) V ′′K,L(0) = Ψ
(
ǫ
h′1
h1
· h1, . . . , ǫh
′
N
hN
· hN
)
= ǫ2Ψ(XQ)
But we have
(3.26) Ψ(XQ) = vol(P )
(
(n(n− 1)V (Q[2], P [n − 2]) +
∫
h2Q
hP
dSP
)
− n2V (Q,P [n− 1])2
and since V ′′K,L(0) ≤ 0 by assumption, the proof is complete. 
By Lemma 3.1, assuming the Lp-Brunn-Minkowski inequality, we have that for any two
strongly isomorphic polytopes K,L, V ′′K,L(λ) ≤ 0 everywhere it is defined, and in particular
at any λ satisfying the conditions of (∗). Thus, by Proposition 3.5, the Lp-Brunn-Minkowski
inequality implies Conjecture 3.2.
To go in the reverse direction, from Conjecture 3.2, to the Lp-Brunn-Minkowski in-
equality, requires a more careful analysis of the Lp-Minkowski sum of strongly isomorphic
polytopes not just on well-behaved neighborhoods, but for all λ ∈ [0, 1]. This is the content
of the following proposition.
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Proposition 3.6. Assume that for a given p ∈ [0, 1), Conjecture 3.2 holds for all K,L ∈ Kns .
Then for any two strongly isomorphic polytopes K,L ∈ Kns , vol(Kλ) is pn -concave on [0, 1].
Proof. By Proposition 3.5, we know that f(λ) = vol(Kλ) is
p
n
-concave on any subinterval
(σ, τ) ⊂ [0, 1] such that all the Kα for α ∈ (σ, τ) are strongly isomorphic. The additional
ingredient we need is the following claim:
Claim. There exist a finite number of disjoint open intervals I1, . . . , Im ⊂ [0, 1] such that
[0, 1]\⋃mj=1 Ij is a finite set, and for each j, all the polytopes Kλ for λ ∈ Ij are strongly
isomorphic.
Deferring for the moment the proof of this claim, we show how it implies the proposition.
By Lemma 2.1, vol(Kλ) is differentiable on [0, 1], with derivative
(3.27)
∫
Sn−1
d
dλ
((1− λ)hK +p λhL) dSKλ =


∫
Sn−1
h
p
L − hpK
p
((1 − λ)hpK + λhpL)
1−p
p dSKλ p > 0
∫
Sn−1
(h1−λK h
λ
L) log
hL
hK
dSKλ p = 0
For any p, the integrand is L∞-continuous in λ and SKλ is weakly continuous in λ, so
vol(Kλ) is continuously differentiable, and the same is true for VK,L(λ). Hence, using the
claim, V ′K,L(λ) is a continuous function which is nonincreasing outside of a finite set, so
it must be nonincreasing on all of [0, 1]; in other words, vol(Kλ) is
p
n
-concave on [0, 1], as
desired.
We now turn to proving the claim above. As usual, let u1, . . . , uN be the facet normals
of K,L, and let hi(λ) = hK(ui)
1−λhL(ui)
λ for i = 1, . . . , N be the corresponding support
numbers. First of all, we ask when the facet Fi(Kλ) = {x ∈ Kλ : 〈x, ui〉 = hi(Kλ)} becomes
empty. Clearly, this holds whenever
(3.28) hi(λ) > hKλ(ui)
In this case, there exists a vertex v of Kλ such that ui lies in its normal cone, which
means that there exist n linearly independent facet normals ui1 , . . . , uin , ij 6= i, such that
〈v, uik〉 = hij (λ), and ui can be written as a sum
∑n
j=1 cjuik where the cj are all nonnegative.
In particular, we have
(3.29) hKλ(ui) = 〈v, ui〉 =
n∑
j=1
cjhKλ(uik)
and hence inequality (3.28) may be written as
(3.30) hi(λ) >
n∑
j=1
cjhij (λ)
Note that for different λ ∈ [0, 1], the vertex structure of Kλ will in general differ. Thus,
we must consider the inequality hi >
∑n
j=1 cjhij not just for one set of ui1 , . . . , uiN , but
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for any set of n vectors ui1 , . . . , uiN such that ui =
∑n
j=1 cjuik with nonnegative cj , since
at some λ ∈ [0, 1], the corresponding facets Fij may form a vertex v, in whose normal cone
ui will necessarily lie. Conversely, if hi(λ) <
∑n
j=1 cjhij (λ) for all ui1 , . . . , uiN in whose
positive cone ui lies, then ui cannot lie in the relative interior of the normal cone of any
lower-dimensional face of Kλ, implying that ui is a facet normal. Hence, there is a finite
set of equations of the form hi =
∑
cjhij such that the facet structure of Kλ can change
only at their solutions.
The situation is made slightly more complicated by the fact that varying the support
numbers of a polytope may cause lower-dimensional faces to disappear without any of the
facets vanishing. However, we can think of the (n − 2)-dimensional faces of a given facet
Fi as facets of Fi and apply the preceding argument. As equation (2.8) shows, the support
numbers of the (n − 2)-dimensional faces Fij = Fi ∩ Fj bounding a given facet are linear
combinations (with coefficients independent of λ) of the hi, so the condition for vanishing
of Fij (given that Fi, Fj do not vanish) may also be expressed as a linear inequality in the
hi. By induction, the same holds true for all lower-dimensional faces of Kλ.
The upshot of this discussion is that there is a finite set of equations
∑n
j=1 cijhj(λ) = 0,
i = 1, . . . ,M such that Kλ’s a-type changes only at solutions of these equations; it thus
suffices to show that each such equation has at most finitely many solutions. Each of these
equations may be written as
(3.31)
N∑
j=1
c′ija
(p)
i (λ) = 0
where c′ij = cijhK(uj) and a
(p)
i (λ) is defined as in Proposition 3.5. The a
(p)
i (λ) are analytic
on a neighborhood of [0, 1], and hence so is
∑N
j=1 c
′
ija
(p)
i (λ); thus, if this expression does
not vanish identically, it has a finite number of zeros on [0, 1]. If it does vanish, this means
that the face corresponding to the equation
∑n
j=1 cijhj(λ) = 0 is degenerate (if nonempty)
for all λ ∈ [0, 1], and hence need not be considered. This concludes the proof of the claim,
and with it, the proof of Proposition 3.6. 
Now, assume Conjecture 3.2 holds, and let K,L be any two bodies in Kns . We can
approximate K,L by sequences of strongly isomorphic polytopes Pm, Qm converging to
K,L respectively. For every λ ∈ [0, 1],
(3.32) (1− λ)Pm +p λQm → (1− λ)K +p λL
by Proposition 2.2 (d), and hence
(3.33) vol((1− λ)Pm +p λQm)→ vol((1 − λ)K +p λL)
for all λ ∈ [0, 1]. Since a pointwise limit of p
n
-concave functions is p
n
-concave, vol((1 −
λ)K +p λL) is
p
n
-concave. This completes the proof that Conjecture 3.2 implies the Lp-
Brunn-Minkowski inequality, and the proof of Theorem 1.7 is complete.
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4. The proof of the log-Brunn-Minkowski inequality in the plane
The log-Brunn-Minkowski inequality in the plane follows immediately from Theorem 1.7
and the following theorem:
Theorem 4.1. Conjecture 1.6 is true for p = 0 and n = 2.
Proof. Let K,L ∈ K2s . Define
r(L,K) = sup{t ≥ 0 : there exists x ∈ Rn such that x+ tK ⊂ L}(4.1)
R(L,K) = inf{t ≥ 0 : there exists x ∈ Rn such that x+ tK ⊃ L}(4.2)
the inradius and circumradius of L with respect to K, respectively. Blaschke’s extension of
the Bonnesen inequality [1, Lemma 4.1] states that for any plane convex bodies K,L and
t ∈ [r(L,K), R(L,K)], we have
(4.3) vol(L)− 2tV (L,K) + t2 vol(K) ≤ 0
Since K,L are centrally symmetric, we have r(L,K) = minu∈Sn−1
hL(u)
hK(u)
and R(L,K) =
maxu∈Sn−1
hL(u)
hK(u)
, and hence
(4.4) vol(L)− 2 hL(u)
hK(u)
V (K,L) +
(
hL(u)
hK(u)
)2
vol(K) ≤ 0
for all u ∈ Sn−1. Integrate this inequality over the measure hKdSK to obtain
(4.5) vol(L) ·
∫
hK dSK − 2
∫
hL dSKV (K,L) +
∫
h2L
hK
dSK · vol(K) ≤ 0
By equation (2.3), this reduces to
(4.6) 2 vol(K) vol(L)− 4V (K,L)2 + vol(K)
∫
h2L
hK
dSK ≤ 0
which is precisely (1.11) in dimension 2 for p = 0. 
Remark. Bo¨ro¨czky, Lutwak, Yang and Zhang [1] also use Blaschke’s Bonnesen-type in-
equality in proving the log-Brunn-Minkowski inequality in the plane, but their argument
is completely different: they reduce the log-Brunn-Minkowski inequality to demonstrating
that the cone-volume measure hKdSK of a centrally symmetric convex body is unique, and
prove the uniqueness of cone-volume measures for centrally symmetric convex bodies in
the plane by a compactness argument, which relies crucially on an estimate obtained by
integrating equation (4.3) against a different measure. Our proof, in contrast, bypasses the
uniqueness of cone-volume measures entirely.
Appendix A. Equivalence of Conjecture 1.4 and Conjecture 1.6
Obtaining our formulation of the local Lp-Brunn-Minkowski inequality (Conjecture 1.6)
from that of Kolesnikov and Milman (Conjecure 1.4) is simple: for any C2+ convex body L,
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setting z = hL
hK
in (1.9) yields
(A.1)
1
vol(K)
V (hL[1],K[n− 1])2 ≥ n− 1
n− pV (hL[2],K[n− 2])+
1− p
n− pV
(
h2L
hK
[1],K[n − 1]
)
Now using the fact that the mixed volume of C2 functions on the sphere coincides with
the ordinary mixed volume when the functions are support functions of convex bodies, as
well as the fact that V (f [1],K[n− 1]) = ∫ f dSK for any f ∈ C2(Sn−1), immediately yields
(1.11) for any C2+ and centrally symmetric K,L (upon multiplying by n(n − p) vol(K)).
Since any body in Kns may be approximated by C2+ bodies in Kns , and the quantities in (1.6)
are continuous with respect to the Hausdorff metric, this gives Conjecture 1.6 for any two
bodies in Kns .
To go in the converse direction requires only slightly more work. Let K be a C2+ centrally
symmetric convex body. By a generalization of [35, Lemma 1.7.8], any even f ∈ C2(Sn−1)
may be written as hL − chK for some c > 0 and C2+ convex body L ∈ Kns . Applying this
decomposition to zhK , substituting in (1.9), and using multilinearity of the mixed volume,
we see that we must prove
1
vol(K)
V (hL[1],K[n − 1])2 − n− 1
n− pV (hL[2],K[n − 2])−
1− p
n− pV
(
h2L
hK
[1],K[n − 1]
)(A.2)
− 2 ·
(
1
vol(K)
V (hL[1],K[n − 1])V (chK [1],K[n − 1]) − n− 1
n− pV (hL[1], chK [1],K[n − 2])
− 1− p
n− pV (chL[1],K[n − 1])
)
+
1
vol(K)
V (chK [1],K[n − 1])2 − n− 1
n− pV (chK [2],K[n − 2])−
1− p
n− pV (c
2hK [1],K[n − 1]) ≥ 0
The second and third lines are just −2c(1− n−1
n−p − 1−pn−p)V (L[1],K[n−1]) = 0 and the fourth
line is c2(1− n−1
n−p − 1−pn−p) vol(K) = 0, so what remains is
(A.3)
1
vol(K)
V (hL[1],K[n − 1])2 − n− 1
n− pV (hL[2],K[n − 2]) −
1− p
n− pV
(
h2L
hK
[1],K[n − 1]
)
≥ 0
which is (1.11) divided by n(n− p) vol(K). Thus Conjecture 1.6 implies Conjecture 1.4.
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